Intertemporal issues associated with the control of macro-economic systems  by Guillermo, L. & Gómez, M.
Computers Math. Applie. Vol. 24, No. 8/9, pp. 77-98, 1992 0097-4943/92 $5.00 ~-0.00 
Printed in Great Britain. All rights reserved Copyright~ 1992 Per~umm Press Ltd 
INTERTEMPORAL ISSUES ASSOCIATED WITH THE 
CONTROL OF MACRO-ECONOMIC SYSTEMS 
GUILLERMO L. G6MEZ M. 
Institute of 1Vlathe~natics, University of Erlangen-Nfamberg 
D-8520 Erlangen, Bismard~str. 1 1/2, Nfamberg, Germany 
Abstract--The study of intertempora] economic phenomena increasingly requires the application 
of system theoretical methods in order to capture some complexities ofthe socio-economic reality as 
well as to enhance the efficient use of available information. Hereupon, one tries by dlnt of stochastic 
techniques to take into account either measurement errors, partial and indirect observabi]ity ofrel- 
evant system properties and different sorts of uncertainty. Further, one stresses gcsteral behsv|oural 
patterns characteriT.in .f the evolution of certain systems, which leads to a deeper and systematic 
understand[n~ of them. 
Here, we are interested inmatters related to the construction ofmodels, derivation of their associate 
dynamics, introduction of control variables and performance riteria aimed at steering asystem from 
a given to a desired state, and this in an optimA! fashion. 
The purpose of the present paper is twofold. First, to give a short and intuitive account of some 
aspects of systems theory and model building, and to indicate how these notions work in connection 
with socioeconomic systems. Secondly, to show how we can use these system and control techniques 
studying some problems of economic development planning and labour aUocstion. However, we shall 
limit ourselves to present afew results and describe some applic&tions inwhich we have psrticipated. 
1. INTRODUCTION 
1.1. General Remarks on Social Reproduction 
In a sense, the main themes of political economy are dominated by the principle of social repro- 
duction that manifests itself as the social activities around the process of production by means of 
which goods and services are brought about aimed at satisfying social needs. The latter consists 
primarily in the reproduction of the factors of production, first of all, of labour power forwarding 
the wage goods required to sustain the labourers employed in producing the social product, and 
second, of the means of production used up which include stock of machinery, raw materials and 
buildings. It is customary to call the fraction of the social output dedicated to meet the require- 
ments of the reproduction of the factors of production, the costs of production and necessary 
consumption, in contrast o net investments aimed at expanding production. Thus, necessary 
consumption comprises personal consumption of the direct producers as well as consumption of 
the social output aimed at keeping production at the prevailing level. One calls economic surplus 
the fraction of the social output that goes beyond the level of necessary consumption. The his- 
tory of mankind has been a continuous truggle for the increase and improvement of the social 
production of goods and services beyond the level of necessary consumption, but also the struggle 
for the shares of that surplus of the social output. 
Let us point out the role played in this connection by labour, first contributing to the conserva- 
tion of value of the factors and means of production, and secondly generating economic surplus. 
The crucial relevance of this observation can only be fully appreciated through an analysis of 
the potential economic surplus foregone and the opportunity costs deriving from the existence 
of reserve armies of unemployed. Not to mention social costs in terms of moral deterioration 
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of human capital, social strains, poverty, starvation and other social maladies going even until 
fascism. 
In order to use mathematical techniques to study the ability of social reproduction of func- 
tioning economic systems it is necessary to design a mathematical model of it. For this purpose, 
one needs to determine a set of variables which may serve as quantitative characteristics of the 
system operation, and then establish relations among them which approximately describe those 
aspects of the functioning of the system that one feels describe ssential aspects of the process 
of social reproduction. A further step in designing a mathematical model is the mathematical 
description of what the system receives and what it produces. 
We shall outline in the next section a very simple model that illustrates, in an intuitive way, 
various features of modelling and suggests that the information content of any model, as a 
representation f reality, depends critically on the goals for which it has been constructed and on 
the theories the model designer comes to endorse. This is not surprising at all, since in different 
environments people experience life differently and think of its meaning differently as well. 
1.L Production, Distribution and Allocation 
In order to make this paper self-contained, letus present briefly some issues of the production, 
distribution and allocation of the social output using a static model that we take to some extent 
from Margiin [1]. 
For the sake of simplicity, let us assume that production can be characterized by dint of a 
simple model, in which social output consists only of one commodity produced by means of a 
technology with fixed coefficients a0 and al, where a0 represents he labour equirements in man- 
years per unit of output and al the capital requirements per unit of output. It is intuitively 
appealing to think of this commodity as corn, which helps to visualize the assumption that the 
only factors of production are capital in the form of seed corn and labour. Assuming that the 
factors rewards are W for labour and 1 + r for capital, both measured in terms of this year's 
prices, and making corn the unit of account with current price P = 1, we obtain the following 
equation of price formation 
1 = Wao + (1 + r) al, (1) 
where Wao represents labour costs and (1 + r) al seed corn costs. W and r are as usual the wage 
rate and the rate of return. Furthermore, we denote consumption per worker by c and assume 
that social needs grow from the current period to the next in a way making the requirements of 
corn output of next year proportional to this year requirements, with a constant of proportionality 
given by (1 -t- g), where g is the rate at which production grows. Then, we get for the allocation 
of one unit of corn output he relationship 
I "- Cao -[- ( I  "~-g)a l ,  (2) 
where e a0 represents he fraction allocated to consumption and ( l+g)al  the fraction allocated to 
investments. Taking a0 and al as known, one easily recognizes that to each pair (c,g) and (W, r) 
corresponds, respectively, to a distribution of corn income between wages and profits, and an 
allocation of corn resources between consumption and investment. Moreover, one finds out easily 
that the trade-offs between growth and consumption ~ and between profit and wages ~V are 
given by the rate (-ao/al), i.e., these are tantamount to trade-offs between labour and capital 
requirements a a little reflection shows. This suggests that considering the coefficients a0 and al 
as non-purely technological parameters, but as dependent on the cultural and institutional struc- 
ture, may lead to a more realistic understanding of the issues associated with the distribution and 
allocation of resources. A look at Eqs. (1) and (2) indicates that the introduction of mechanisms 
or rules for the determination f W or r on the one hand, and of e or g on the other, brings about 
alternative perspectives for the distribution of income and the allocation of social output. By the 
way of different choices in this regard, one obtains various alternatives of economic theorizing, 
i.e., classic, Reeardian, Marxian, neoclassic, Keynesian, etc. It is beyond the scope of the present 
study to go deeper into these matters, so we just refer the interested reader to [1-3] that expose, 
evaluate critically and compare the major schools of economic thought. 
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1.3. Issues on Developmental Economics and Planning 
From the point of view of political economy, intertemporal nalysis eeks to understand basic 
characteristics of evolutionary economic processes in society, i.e., the time structure of change, 
needs, preferences, attitudes, decisions, etc., so that we can construct dynamic models that reflect 
adequately the known as well as the unknown reality, that enhance our ability to learn, to gather 
information and to adapt to predictable and nonanticipative events. The ultimate aim may be 
the design of a sequence of planning actions o as to replace possible but unwanted future events 
by more probable and desirable ones. 
In a dynamic version of our simple model of the foregoing section, we would need to assume 
that the technological coefficients a0 and al vary in regard to time. In particular, we would 
assume that the ratio ao/al, known as capital intensity, evolves as time passes by. This would 
entail that the patterns of production, distribution and allocation become also time-dependent, 
shifting attention to questions related to the time-dependent changes in the ability of the system 
to social reproduction. 
One major theme in political economy is the analysis of economic growth and development. 
Considerable efforts are directed to the identification and understanding of the basic processes 
promoting and hindering development and consequently, progress. The ultimate aim of these 
efforts is, however, to provide a sound basis for the design of economic policies and actions 
that enable the steering of the forces carrying the actual processes of development and growth. 
Today, it is unanimously recognized that accumulation and reinvestment of a part of the social 
product are the chief driving forces behind economic growth and development. These findings 
drive attention further to those general principles that forward patterns relying on which the 
distribution of the social product comes about, as well as upon those aspects of distribution and 
the associated social behaviour considered mainly responsible for the allocation of capital and 
labour income, i.e., profits and wages, to the purposes of consumption and investment. Modern 
control theory has been increasingly used to study questions of the sort mentioned above and to 
analyse the desirability in a given sense of alternative paths of the system state resulting from 
alternative allocation decisions. 
From a macroeconomic point of view, we would like to emphasize; it becomes necessary to 
consider the capital intensity at any time as a random variable. That would mean that at any time 
there is a variety of values, the ratio ao/al may assume and all of them with an appropriate rate 
of occurrence. Associated with this manifold of capital-intensity values, there also corresponds a 
manifold of values of the rate of return on capital that realistically reflects the process of capital 
accumulation and constitutes ~_necessary condition for the rise of competition. A probabilistic 
view of capital accumulation fthis kind makes possible a macroeconomic analysis of growth and 
development from a microeconomic perspective. References [4,5] deal with some of these aspects. 
See also [6]. 
1.4. Organization of the Paper 
It is our intention to show that stochastic analysis and control methods can be applied to 
economic problems related to growth and development planning. Since this paper attempts 
to reach stochastic ontrol theorists interested in economic applications as well as economists 
concerned with a system theoretical view of economic growth and development problems, we 
review some basic notions in such a way that both applied mathematicians and economists find 
it easy to read and are able to appreciate and learn the new features of our approach. In Section 2, 
we review and discuss ome issues concerning the model construction, system theory and control. 
In Section 3, we start giving a concise orientation i the conceptual economic framework relevant 
to our purpose and show how to construct a model of capital accumulation that reflects essential 
properties of a capitalist economy. Finally, in Section 4, we focus on the construction ofa simple 
economic policy aimed at eliminating unemployment based on some institutional constraints. 
The socioeconomic background on which the performance riterion rests is explained shortly. 
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2. ESSENTIALS ON SYSTEMS THEORY AND CONTROL 
By now, a large number of scientific fields use the concept of system to describe its objects of 
study. In general, one uses the concept of system to represent a great variety of living objects in 
nature, to describe various types of relations emerging from innumerable economic, productive 
and organizational ctivities of society, to refer to certain parts of our universe, to characterize 
artificial mechanisms, and so on. 
~.1. The Concepts of System and Model 
Since it is not easy to give a precise and general definition of the concept of system, we shall 
just mention a few notions based on which one usually characterizes a system. 
First, let us say that the main characteristic of a system is its structure. Any system is made 
of components, elements and members. Individual elements interact and interrelate in a specific 
way. However, the determination f its structure is for any system relative, since, according to 
the purpose at hand, one may need or be willing to observe the system at different structural 
levels. Thus, the same system may be seen accordingly as consisting of large or small elements. 
Second, associated with any system, there corresponds its eneimnment with which it interacts 
in various ways. The separation of a system from its environment as well as the nature of the 
interaction ascribed to them are rather arbitrary. Nevertheless, this arbitrariness hould serve 
mainly the purpose of ensuing operationality and efficiency. 
Third, any system can be characterized qeantitatively by dint of variables of various sorts, 
i.e., dependent and independent variables, state variable and system parameters, essential and 
unessential variables, and so on. The number of such quantitative ariables itself is a quantitative 
characteristic of the system. 
Fourth, the Lime evolution of the system, including the change of all or some of its charateristcs, 
is of crucial importance. Thereby, the characteristics of the system vary as a result of interactions 
between themselves and with the system environment. 
Finally, the operation of an actual system is subject o a variety of random factors. As a result 
of this, the state variables of the system develop in the course of time into random processes as a 
consequence of various kinds of related processes of change. Thus, it is safe to say that virtually 
all existing actual systems are stochastic in nature. 
Systems characterization 
Summing up the foregoing considerations, we shall say that facing the task of studying a 
phenomenon from the point of vie~" of systems theory, we shall look at the following main 
particular features: 
• Description of the structure of the system and in a certain sense the choice of the structural 
level at which the study shall take place; 
• Influence from the system environment as well as the influence of the system upon its 
environment; 
• Availability of quantitative characteristics based on which the state of the system can be 
determined at any time; 
• Time evolution of the system state; 
• Influence of certain random factors upon the functioning of the system. 
We are mainly interested in socioeconomic systems, that means, in those systems describing 
activities directly related with production, distribution and consumption of objects aimed at 
fulfilling social needs in a way that the process of  social reproduction becomes basic to any 
activity of society. 
In general, the investigation ofsocioeconomic systems pursues a particular objective. In most 
cases, this objective consists in ascertaining a system structure or a system dynamics (evolution), 
following which the system attains a state at which an a prior/given criterion satisfies certain 
properties. The most common criteria refer to efficiency, optimality, viability or a mixture of 
them. 
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At this stage, we shall mention that systems theory deals with the relationships between the 
elements of a system, with the relations between system structure and functioning, and with 
the interaction of its various components, ubsystems and environment. For this purpose, sys- 
tems theory applies mathematical techniques from a variety of fields like differential equations, 
topology, graphs, matrix analysis, Boolean and Lie algebras, etc. Control theory is concerned, 
furthermore, with modifying the behaviour of the system so as to achieve desired goals. Diverse 
arrays of problems of this sort are encountered in many fields of human endeavour. However, 
control theory focuses on those susceptible to precise mathematical description and seeks to 
understand fundamental principles for the guidance of processes taking place in the system at 
stake. 
On model bnilding 
Let us point out that a common feature of most interdisciplinary esearch undertakings in
applied sciences is the quest for the fundamental understanding of their systems. In this sense, 
it has become customary to construct simple systems that replicate conceptually the actual ones 
in order to facilitate their understanding and analysis. Under certain conditions regarding the 
correspondence of system characteristics like structure, environment, state variables, dynamics, 
and random factors, we may say that two systems $1 and S~ are called similar. Then, it is usual 
to call the more simple system a model of the other one. 
Models are usually classified, first, according to the analogy in their structure, functioning 
and behaviour; then, we talk about structural, functional and behavioural models. Second, 
according to the intended purpose, which motivate labels like demonstration a d experimental 
models. Third, according to the style of representation, which brings about labels like verbal, 
graphical, mathematical and physical models. In this regard, we shall say that we are interested in
mathematical modelling of socioeconomic systems. Modelling builds a bridge between the actual 
world and mathematical theories and thereby enables techniques ofoptimisation, in general, and 
of control, in particular, to come into practice. 
~.2. Information Theory, Knowledge and Modelling 
In the foregoing section, we have called attention upon some characteristics based on which we 
may start thinking of a system as a set of interacting subjects of any nature. The whole external 
world or any of is parts, any sector of a national economy, a plant, an animal, an organism of a 
man, an airplane, acar may serve as examples of a system. Since the application of mathematical 
methods for the investigation ofsystems assumes a precise account of it, for instance in the form 
of a mathematical model, we are led to the conclusion that systems description, model building, 
and the design of control mechanisms are just the system theoretical version of human observation 
of reality, perception of the world, becoming aware of interrelations ofvarious kinds that precede 
most actions in society and nature. Therefore, it shall not be surprising that the cornerstones of 
model building are very much alike to those of knowledge, cognition and learning; see [7]. 
Models as building elements of knowledge 
Any model serves for the purpose of reflecting, in a simplifying manner, certain aspects of a 
system and in a sense, of storing the knowledge of the model designer on this regard. Thus, 
models act as communication means and fulfill a sort of linguistic function, the semantic part of 
which is represented by the knowledge content they convey, while the syntax is reflected by the 
way of coding or storing this information. 
A formalization of model building parallels human learning as the theses to follow, forwarded 
by Peschel [7], suggest. 
THESIS 1. Any model represents stages of a learning process, the knowledge content of which is 
coded in the humam bra/n or stored in an external medium. 
It is necessary to stress the temporary and relative character of a model as well as the require- 
ment of being susceptible of extension and improvement. As an intermediate r sult of a learning 
process, amodel shall be seen as a provisional picture of some aspects or manifestations of reality 
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and as a simplified substitute of it, as a more adequate and efficient object of research conducive 
to a better knowledge of the objective reality. 
THESIS 2. A model shall be characterized by the following qualitative features: 
• The basic information, a sort of frame of key-concepts supposed to avoid redundancy and 
to enable the reconstruction of the information contained in the origina/object or system. 
• Fundamental relationships, representing a semantic net of concepts that reHects a whole 
of dependencies and connections in the objective reality. 
• A hierarchical structure drawing an analogy with an associative memory, according to 
which information is stored in various space- and time-dependent i erconnected levels. 
• Capability of extension by means of widening and deepening of information, which give 
rise to model operations like aggregation and structural enlargement. 
The information content of a model can be used for syntactic purpose. This holds in particular 
for those models whose information content has been stored in an external medium, e.g., think 
of robotics and artificial intelligence. The use of the information content for semantic purpose is 
associated with the intercalation of eventually formalized intermediate stages, as in the human 
brain. In other words, the latter requires a highly efficient process of communication, e.g., think 
of paintings, a piece of music and literature writings. 
Goal-oriented modelling 
System theory builds on a variety of dialectic relationships. Let us mention, as a way of ex- 
ample, dialectics like analysis-synthesis, perception-action, essential-unessential, dynamic-static, 
deterministic-stochastic, about which we shall have later something to say. It turns out that a 
great majority of models have not been designed just for the sake of improving and increasing 
human knowledge, but obey other intentions mostly specified in advance. The latter models can 
not be sharply distinguished from the former, however. 
THESIS 3. Models are often tailored to support clearly stated goals. In such cases, the setting 
of goals determines, in a sense, the goal-adequate cut of intervening dialectic relationships, so 
that the meaning, within the model at issue, of concepts like essential, static and so on is to 
some extent settled in advance. Therefore, a goal-tailored model shall be understood mainly as 
a projection of objective reality from a point of view chosen by the model designer. 
Let us stress the point that the construction of a goal-tailored model is not itseff an objective 
but only an intermediate step toward it, which reflects the right to choose that framework that 
may seem to the model maker the most appropriate vehicle approaching reality. Therefore, in 
order to achieve the envisaged goal, the model maker shall commit himself to undertake the 
research work necessary to let the knowledge stored in the model serve the goal chosen at the 
outset. 
It is natural to see complex systems as consisting, in a sense, of various more simple systems. 
As a consequence, models of complex systems shall be designed as composed of a set of goal- 
oriented models, everyone reflecting a specific aspect of the complex model. This leads to view 
that goal-tailored models as coarse models of the original system, since any of them describes 
particular aspects, and only as a whole they provide a more accurate picture of it. 
THESIS 4. According to the purpose at hand and the tools used, a model maker may obtain a 
variety of diverse projections corresponding roughly to a manifold of essential aspects charac- 
terizing as a whole a complex system. However, it may be that putting together some of these 
projections gives rise to contradictory and discording features which do not seem to appear in 
the original. 
It may be annoying and sometimes even embarrassing having to account for contradictions 
and dissonances of the type mentioned in Thesis 4. However, from a dialectic point of view, this 
cannot be considered as totally unexpected. It is known that quantitative changes give rise to 
qualitative ones and vice versa. In particular, in connection with socioeconomic systems, changes 
in the behaviour of individuals or social groups of the sort at stake have been recognized and 
investigated extensively. 
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A few remarks on model representation 
According to the role of being communication means and to the linguistic function attributed 
as a consequence to models, it becomes necessary to make a precise distinction of its semantic 
and syntactic features. Concerning the semantic features of a model, we should say that they 
comprise all these elements conveying its knowledge content and meaning that, when properly 
activated, make the model appear similar to the original. However, in order to establish an 
effective communication between model designer and its user, it is necessary that the latter be 
able to access the associated semantics. On the other hand, the syntactic features of the model 
refer to the medium on which one codes, as well as the formal tools used to represent the basic 
information, fundanaental relationships and hierarchical structures characterizing the model. In 
an intuitive sense, the syntax of a model may be understood as the vehicle of its semantics. 
Since any model has, in a sense, the role of being a substitute for the original system, it becomes 
natural to require the process of modelling to satisfy certain criteria of adequacy embodied in the 
thesis to follow. The process by means of which a user tries to understand a model, employing 
for that purpose her/his own inner models, generates a virtual picture of it. This virtual picture 
is, in a way, the user's own replica or (model) interpretation f the model. 
THESIS 5. A model is considered to fulfill the adequacy requirement whenever its interpretation 
corresponds to a virtual picture that to great extent duplicates precisely the or/ginal system. In 
particular, it should m/mic those traits of the system that have been stressed uring the process 
of model building. In general, this quality of being similar with the original or of replicating 
essential charateristics needs quantitative appraisal. 
This adequacy requirement is essential to our conception of model building as a learning process 
and lies at the heart of the dialectic foundations of the theory of knowledge. However, we have 
to recall that models bear the character of projections of reality and as such can never eproduce 
the original in full. 
~.3. Qualitative and Quantitative Features of Model Design 
One can never overemphasize the role played by models upporting the interaction of men with 
nature aimed at transforming natural objects, at humanizing natural environments and so on with 
the purpose of satisfying social needs. However, a purposeful employment of models entails a 
well-balanced setting of goals and a consequently goal-oriented model design. Nevertheless, this 
is a difficult matter. One trouble and cause of bias that we like to mention in this regard, is 
that of subordination of goals that occurs quite often when using mathematics for modelling 
purposes. It seems like no few researchers, tempted by the advantages ofdealing with tools easy 
to handle, seduced by the beauty of mathematical theories and methods or by the familiarity 
with techniques already available in the own toolkit, sacrifice essential components of a system 
as well as decisive goals of the modelling endeavour to the prospect of getting models amenable 
to the favoured techniques. 
The abuse and misuse of mathematics may be avoided by means of a system theoretical em- 
ployment of the process of model building, a deep understanding of the semantic and syntactic 
features of a model and the acquisition of knowledge to such an extent as to ensure access to the 
semantics of the model at hand. 
The qualitative features 
In the employment ofmodelling techniques to technical, economic, social and biological investi- 
gations, behavioural models play an outstanding role. Behavionrai models are, roughly speaking, 
those models focusing essentially on behavioural spects of the system they replicate. 
THESIS 6. Under given conditions, should behavioural models reftect the hehaviour of actual 
systems in a way such as to establish clearly a correspondence b tween cause and effect. 
It is usual to formalize this relationship between cause and effect hinking of ezternai actions 
on the system and of the responses of the system to its environment. The variables describing 
the external actions are called inputs, which we denote by 1~, and those describing the responses 
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or actions of the system on its environment are called outputs, denoted in turn by Xi. Besides 
this set of variables, one may include others, characterizing the action of various components of
the system on each other. The relevant information on the current correspondence b tween the 
causes I~ and the effects Xi is coded in variables characterizing the state of the system at any 
time, and these are called the state variables of the system. 
THESIS 7. The design of behavioural models is shaped to a great extent by the need to take into 
account basic tasks of systems theory like system estimation, prediction and realization. One 
expects, thereby, that the information gathered on the system behaviour enables the prediction 
of its behaviour, so that a purposeful guidance and control of the future performance of system 
operations become ffective, even in the face of inputs not previously considered. 
An essential feature of any learning process is a continously alternating change of focus from 
the detail to the totality. This corresponds to switching from a microscopic to a macroscopic 
view, which relates deeply to the dialectic relationship between analysis and synthesis. This 
observation is associated with the following thesis. 
THESIS 8. The representation fa system rests upon a deep understanding and detailed escrip- 
tion of its elements or items. However, the system itself turns out to be more than the mere sum 
of its items due to mutual interdependence and interactions among its elements, which are to 
a great extent responsible for change of qualitative and quantitative nature that one perceives 
when alternating the focus from the micro to macro level. 
On the description of the items of the system relies its basic information and its conceptual- 
ization so that it is safe to assert that system details are coded in the form of concepts. Yet 
concepts represent a wealth of details describing elements and have thus the character of class. 
Next, we shall turn to some quantitative features associated with the notion of concept. How- 
ever, we shall stress that there cannot be a sharp distinction between qualitative and quantitative 
properties, due to the dialectic principle according to which there is not quality without quantity 
and vice versa. 
Quantitative features 
At this stage, we would like to come hack to the requirement on the model user of being able 
to access the semantics attached to the model. This would mean the model user is expected to 
decode the information behind any concept and to reconstruct the wealth of details condensed 
in it with the purpose of recognizing the totality. On the other hand, in the process of huilding a 
model, one attempts to keep redundancy ata minimum and to hring about concepts carrying only 
class-specific information, and one appeals to the user's ability to interpret the model properly. 
It goes without saying that this modelling rationale hears some fragility. 
THESIS 9. The lo~dcal basis of modelling rests upon the following features, which clearly po/nt 
to potential dilq~culties and sources of misinterpretations. 
• The whole of a system is to be disentangled in basic information and fundamental relation- 
ships to such a degree that its knowledge content can be suitably coded in an appropriate 
medium. 
• The model representation of the knowledge content of a system has to be so that, when 
required, it enables a reconstruction of the system that re~lects virtually the tota//ty. 
• The role of a model as a projection of the objective reality and of concepts as suitably 
coded system information, together with the notion of virtual reconstructionability of the 
totality of a system, give rise to the operation of model interpolation. 
When dealing with systems in general, it is useful to huild up on analogies with classical physics. 
However, a word of caution is appropriate, in particular regarding socioeconomic systems, ince 
in such systems there are quite many properties that can not be satisfactorily grasped, especially 
in quantitative t rms. 
Any theory is a process in society and as such, the set of concepts building it undergoes 
continuous changes. On the other hand, how the theory operates and how and in which direction it 
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develops depends to great extent on what its practitioners understand the theory to be. This leads 
to a problem of epistemologicai nature known as overdetermination; see in this connection [8]. 
THESIS 10. A system variable is the model description of a particular phenomenon which emerges 
as an attribute of an itemized property representing the class attached to the conceptualization 
of a more complex phenomenon. As a consequence, it is necessary to stress that a system variable 
describes a phenomenon that may occur with varying intensities and it should be amenable to 
observation, directly or indirectly, and to quantitative appraisal. 
The fact that the conceptualization f a system undergoes continuous changes becomes crucial 
when one has to face the problem of evaluating quantitatively a system variable. This issue 
relates on the one hand to the dialectic relation between rest and motion, and on the other to 
the eventually qualitative changes induced in the behaviour of a system element when put on 
isolation with the purpose of quantitative assessment. A problem of this sort is known in quantum 
mechanics as Heisenberg's Principle of Uncertainty. 
THESIS 11. The quantitative assessment of the variables of a system relies on the fulfilment of 
the conditions to follow. 
• In order to evaluate quantitatively a system variable, it is necessary that there is a value 
that it can assume, and that this remains constant as long as the assessment process lasts. 
• There exist a system potential and an associated general principle, based on which one can 
split the study of the behavioural aspects of the system into static and dynamic analysis 
that together build a complete picture of the system, including quantitative and qualitative 
features as well. 
A well-known principle of the kind just mentioned is Hamilton's Principle of Least Action. 
See [4,5] as a way of example. 
3. BUILDING A MODEL OF CAP ITAL  ACCUMULATION AND EMPLOYMENT 
The purpose of the present section is to construct a model of capital accumulation for an econ- 
omy of the labour-surplus type. In the first part of this section, we shall introduce the concepts 
identifying the basic mechanisms ofproduction, consumption and investment, and establish their 
relationships with factors of production like capital stocks and labour. Then, we describe the 
logic on which our labour market relies and obtain a process representing on the one hand capital 
formation and unemployment elimination on the other. In the final part of this section, we put 
both processes to act together and explain the knowledge content of the resulting process of 
capital accumulation. References [9-11] deal with a variety of issues deeply connected with the 
labour-surplus economy and development planning. 
3.1. The Background of the Labour-Surplus Economy 
For the sake of simplicity, let us use the fiction that the labour-surplus economy consists 
of a relatively advanced or productive sector and a reserve army of labour, in the sense that 
only activities of the advanced sector are considered and the reserve army comes in only when 
unemployed labourers appear in the productive sector searching for employment and better life. 
The advanced sector is seen as comprising any (relative) highly productive activity. On the 
other hand, the reserve army of labour is composed of idle and underemployed labour, includ- 
ing all subsistence activities as well as those handicrafts deteriorating as a consequence of the 
advancement of the secondary sector and the like. 
The technology 
Let us assume the technology of the productive or advanced sector of the economy is specified 
by the functional Y : t J Yt, where Yt is given by a concave real-valued function of neoclassic 
type of class C2,2(R+ × R+ , R+), i.e., continuous, with two continuous derivatives in the first 
and second argument, so that 
Y, = Y(K, ,  L,), (3) 
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where Yt, Kt  and Lt are flow variables denoting, respectively, aggregate social output, capital 
and labour services at any time t, with t E R+. The real interval [0, T] shall denote the time 
horizon that we consider as given. T is in general a random time, more precisely an impulsion 
time and is therefore a datum for the kind of short-term analysis that we undertake here. Let 
us also assume that the production function appearing in (3) exhibits constant returns to scale, 
positive marginal productivity with respect to labour denoted by OLY~ and with respect o capital 
denoted by 0KYt, which diminish with successive increments of labour L and capital K. Besides, 
we assume lim£--00LY~ = oo and limK..,00KY~ = oo, which exclude some pathological and 
uninteresting cases. Oz shall denote a partial derivative with respect o Z. Finally, let us point 
out that we do not distinguish between aggregate social output and income. 
Consumption and investment 
Let us assume the economic agents in the secondary sector are either capitalists or workers 
and this means as usual that they make their living to a great extent on capital or wage income, 
respectively. A further characterization f these notions is given by the parameters s,~(t) and 
SK(t) denoting, respectively, at any time t, with t E [0, T~, the fractions aved of aggregate wage 
income, i.e., WL~, and aggregate capital income, i.e., Yt - WLt, subject o the constraints 
0 _ s~(t) _ sK(t) _~ 1, sK(t), sL(t) E R. (4) 
Thus, the following well-known functional relationships describe fully the economy aggregate 
patterns of investment I : t , It and consumption C : t , Ct 
It = slc(t) (Yt - WLt) + sL(t)WLz, 
Ct = (1 - SK(t)) (Yt - WLz) + (1 - sL(t)) WLt, 
(5) 
(6) 
where W stands for the wage rate. At any time t, t 6 [0, T], the national income identity holds 
Yt = It + ct,  (7) 
holds and states that the social output can either be invested or consumed. 
Growth in the stocks of capital and in the labour supply 
The capital accumulation path is, at any time t, with t 6 [0, T], given by the relationship 
/~t = It - 6t K t ,  (8)  
where the dot • shall indicate time derivative, 6t is the relative rate at which existing capital Kt 
depreciates with ~t > 0, and 6t E R. Equation (8) says that the output allocated to investements 
can be directed both to augment the stock of capital and to replace used-up capital. Equation (8) 
can equivalently be written as 
k~ = st ~ - 6~ Kt, (9) 
where st shall denote the total fraction of aggregate output saved at time t, which is defined as 
usual by 
(Yt - WLt ~ (WLt  8K(t) j + sL(t) \ -K-,  / " (1o) S~ 
The expressions in parentheses on the right-hand side of Equation (10) shall denote, respectively, 
the output share of capital and labour. Let us point out that as a result of assumptions on (3), 
these output shares may remain constant along the whole time horizon considered. Obviously, 
st satisfies a condition like (4). Moreover, let us assume that for any t E [0,T], the conditions 
Y~>0, Ko>0, No>0, Lo>0, It>0, Ct>0, (11) 
Y,, Ko, Z,, Ct R, (12) 
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hold, where K0 denotes the initial capital endowment, and No the initial labour avmlable to the 
advanced sector, including the fraction of idle labour that under the pressure of the struggle for 
survival move to the secondary sector searching for employment and better life opportunities, 
i.e., No > L0. Moreover, let et denote the relative rate of growth at time t of the supply of labour 
to the advanced sector, with et E H, so that labour available to the productive sector at time t 
denoted by Art satisfies in the average the relationship 
} Nt = NO exp s , (13) 
where ~t is a kind of mean value of et. Strictly speaking, the whole of the reserve army should 
make of the labour supply to the productive sector at any time t, t E [0,2"]. However, due to the 
fact that our notion of reserve army includes also unemployed labour, uprooted handicraft and 
other low-productive activities, it is natural to assume that only a fraction of the reserve army 
builds, at any time t, the dynamics of change in the relevant labour supply, and that this depends 
accordingly on a wage differential or the wage prevailing in the secondary sector. We are aware of 
the limitation of thi~ simplifying assumption, since the reserve army as defined by us contributes 
greatly to the determination of wages in the productive sector. For the time being, we can only 
announce that we work in a more satisfactory version of this matter. References [12-16] are 
detailed studies on economic growth, development, reserve armies and related issues. 
3.~. Stochastic Accumulation and Labour Participation 
So far, we have described the labour-surplus economy in a way portraying the state of the 
economy at any time t, t E [0, ~/~. Now we shall try, going from the already available picture, 
to bring to the surface characteristic features of its dynamics, namely those revealing various 
contradictory tendencies of its process of capital accumulation which are permanent sources of 
social conflicts. 
Variables in terms of available labour 
Let us change focus to variables in terms of available labour, since from this perspective it is 
easier to recognize the ability of a system to meet the requirements ofsocial reproduction. Hence, 
we shall consider at the time t, with t E [{3, T], consumption, capital, investment and employment 
per available labour Nt and denote these variables with the corresponding small cases ct, kt, it 
and At, given as follows 
Ct kt = Kt At = Lt It (14) 
ct = N-t' ~'t' ~-,, i ,=~.  
Further, let it and Yt represent the labour-capital nd the output-capital ratio, respectively: 
It- Lt Y~ (15) 
g-"~' Yt -- ~tt" 
Since the function Y(Kt,  Lt) is linear and homogeneous, it can be written as 
Y(Kt,Lt)  = Kt y (16) 
where 
Then, from (3), we obtain the functional Y : t ' yt, where Yt has the following simple form 
= v(i,), (17) 
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which is obviously of class C~(R+ , R+). With the new notation (14), we are able to rewrite (5) 
and (6) in the following normalized form 
ct - (1 - SK) (Yt kt -- WAr) + (I - aK) WAr, (18) 
it = sK(yt/~t - WAr) + sK WAr, (19) 
that added together give the corresponding new version of the national income identity 
yt kt = it + ct. 
Differentiating the expression (16) partially with respect to L and K and applying Euler's theorem 
for homogeneous functions, one gets the following explicit expressions for the marginal products 
OLYt and OKYt 
OLY~ -- y'(it), (20) 
OKYt = y(l,) -- y~(It) l,. (21) 
For the purpose of the present paper, we stick to the framework of orthodox neoclassic economics 
concerning the market for factor services unless stated otherwise. Typical of the labour-surplus 
economy is the exogeneous character of the wage rate W and the interaction between the upward 
and downward (change) tendencies of the reserve army and the (minimum) wage rate in the 
secondary sector. 
Random features of the laboer market 
Let B = (B,)t_>0 be a real-valued Brownian motion, defined on the abstract probability space 
(~,~', P) and endowed with a filtration (~'t)o0 of sub-~-fields of ~r with the usual properties. 
Reference [17] offers a complete and highly readable introduction to SDE's and its applications. 
References [18,19] are more advanced monographs and [20] is an excellent reference for economic 
inclined readers. 
Essentially, we shall assume that, at any time t, the average change in the supply of and in the 
demand for labour are in a sense directly proportional to the prevailing supply and demand for 
labour. The parameters of proportionality depend, respectively, on the prevailing wage rate and 
skill level and on the prevailing rate of return on capital and on the choice of technique. Then, 
we shall assume more precisely that changes at the time t, with t E [0,T], in the labour supply 
Nt and in the labour force participation Lt are governed by the following SDE's of the diffusion 
type 
dNt= ~t Nt dt+ 7rt N, dBt, (22) 
dLt= at Lt dt+ bt Lt dBt, No, Lo E R+ given, (23) 
where ct, ~rt, at and bt are arbitrary scalars which may remain constant within the time period 
considered. We have to point out that there is no reason, other than convenience, to use the 
same Brownian motion in (22) and (23) as a way of describing the uncertainty driving the 
correspondence processes. A more realistic model should avoid this. 
The drift terms et Nt and at L~ in (22) and (23) shall be interpreted, respectively, in a certain 
sense, as the flow of unemployed and underemployed labourers, including migrants during the 
time interval It - At, t] searching for a job in the productive sector, and as the flow of job 
openings during the same interval of time. In consequence, both drifts depend upon the response 
of individuals, i.e., labourers and capitalists, to changes in the socio-economic environment, 
attributed to the economic strategy being implemented. 
The diffusion coefficients lrt Nt and bt Lt in (22) and (23) are due to unpredictable system 
fluctuations. They are generated by the effects of a constellation of only partially known or 
indirectly observable decision processes and signals of interacting individuals, often pursuing 
conflicting oals. As a first approximation, let us conceive these fluctuations as caused by a sort 
of confusion owing to inappropriate assessment ofthe extent and nature of these relationships, as 
well as from the failure of anticipating properly the global-relative and the permanent-transitory 
character of their impact. This kind of confusion is usually attached to changes associated 
typically with intertemporal decisional situations under incomplete and asynunetric information 
and hinders individuals to ascertain fury the socio-economic state of affairs, its timing, as well 
as their own position within this constellation of change. 
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Employment and crisis 
Let us point out for the sake of completeness that in a broad sense, the parameters of pro- 
portionality e: and as in (22) and (23) should be understood as given by the relationships 
~: = ~(lVt, kt) and at = a(rt,  kt), the dependence being direct in the first argument and inverse in 
the second one. That is, if IV and r increase, then ~ and a increase as well. The dependence with 
respect o the second argument is more subtle. A choice of technique requiring higher capital 
intensities kt (labour saving) is associated with higher levels of know-how and labour akills. Thus, 
it is natural to expect hat increases in the second argument bring about lower ct and at. Recall 
that in the reserve army, we have idle and underemployed labour, which justifies assuming that 
the skills of labour are lower. In order to keep the model operational, we suppress any dependence 
on the second argument and assume that in the long-term, the parameters ~t and a: depend upon 
the minimum wage rate IV and upon the rate of returns on capital ft. In the short-term IV is 
negotiated and kept fixed. Similarly, the choice of technique and the assumption on IV put a 
ceiling on rt, t E [0, T]. Thus, W and rt are exogenous and adjust to the prevailing standards of 
life and technical progress. See [1,12]. 
As a way of example, let us have a look at the expression 
(24)  
associated with (22). It is easy to see that the formula (24) is a solution of (22) as long as this 
solution does not vanish, see [18, pp. 36-38, Example 3]. But since No ~_ 0, then (24) solves (22) 
for any t > 0. 
A simple application of It6's calculus, see [19], delivers the following stochastic differentials 
dAt = ( ( a~ - ~t ) + ( Trt - bt ) ~t ) At dt - ( lrt - bt ) At dBt ,  
{i, } d( l~ ' l )=  -~t - (a ,+5, -b~) l~- I  d t -b t l~ ' l  dBt ,  
(25) 
(26) 
with A0 and /0 given, see (11), (12) and (14), (15). One of the advantages of the simplifying 
assumption concerning the nature of the uncertainty in (22) and (23) is the transparency of
Equation (25). However, this advantage has a price, as we shall see later. 
A few remarks on the drift coefficient of Equations (25) and (26) are appropriate. First, let 
us mention that it is through the term at - ~t that the interaction of the processes A and I 
comes to bear, which we like to see as a barometer of social conflicts related to the reserve army, 
accumulation and employment. See [1,12,13]. 
• A larger reserve army brings about a greater downward pressure on wages, due to a weaker 
bargaining power of labour. Further, the lower the wage rates are, the larger the tendency 
of the rate of profits to increase, which together may lead to a larger at - ~t. However, 
larger profits bring about by dint of competition a lower uniform rate of return on capital, 
and this in turn puts a check on the shrinking tendency of the reserve army. 
• A larger at - ~t may increase the level of employment and reduce the reserve army. A 
decreasing reserve army improves the bargaining power of labour, calling forth an upward 
tendency of the wage rates and downward pressure on profits, which in turn may lead to 
lower at  - cz and a replenishing of the reserve army. 
• Tough competition holds sway over the advanced sector. Under the pressure of the struggle 
for profits and market control, capitalists are continously forced to switch to more pro- 
ductive techniques associated with higher rates of accumulation and profits. The latter 
entails, as already suggested, lower at - et, replenishing again the reserve army. Inten- 
sive pace of capital formation per worker seems to require a lower pace in the flow of job 
openings. 
• Finally, the uncertainty parameters may lead to an over- or underestimation f the drift 
of the actual dynamics with sometimes alleviating but sometimes aggravating effects on 
the actual state of affairs. 
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It is necessary to stress that the understanding of the meaning of Equations (25) sad (26), 
requires, in the spirit of Thesis 9, an adequate knowledge about what capital accumulation truly 
means. Here, we mention only a few features and invite the reader to give a closer look at the 
processes generated by them. With this purpose, we write down first the solution for 
/o' } ,~, = X0exp [(a, - , , )+( : r , -b , )~,}]ds -  (~r , -b , )dB , ,  , (27) 
and the two versions of the solution of (26): first, as the process 1-1 with 
I' } 1~ -1 = ifflexp ( s ,y ,  - ( , )ds -  b, dB,  , (28) 
which stresses capital formation per actually employed worker and second, as the process i with 
It = io exp - s, y, - ( , )  ds + b, dB,  , (29) 
representing labour per unit of available capital, which indicates the shortcoming in the capital 
endowment of labour. The variable (t stands for at + 5t - b~. Under the sway of competition, 
1-1 increases or i decreases. However, in order that these changes contribute to the development 
goals, it is necessary to supplement them with activities able to absorb at least the uprooted 
labour. An elaborated analysis of these issues is given in [5]. 
3.3. Capital Formation Versus Unemployment Elimination 
In the foregoing sections, we have constructed various models which are instances of projections 
of reality in the sense of Thesis 9. In addition to models described by Equations (22) and (23) 
representing changes in the supply of and demand for labour, as well as models reflecting the 
dynamics governing processes of employment and capital formation, we shall take a close look 
at the interaction of these processes. In other words, we shall investigate the compatibility of 
economic policies directed to the enhancement of he capacity to growth, like investment in capital 
stocks, and those towards the improvement and utilization of available labour, i.e., investment in
human capital. The latter are aimed at promoting development in the broad sense. 
The dynamics of the interaction 
Let us proceed to design a process of capital accumulation able to handle growth and develop- 
ment tasks as just mentioned. In order to see how the forces of interaction behind Equations (25) 
and (26) work, we shall consider kt as given by the relationship 
Once more, we shall apply a little of Itf's calculus. Precisely, we use the It6 rule for the differential 
of a product, which differs from the standard one only in the third term, see [19, pp. 122- 
23, Example 1]: 
dkt = d (I;-l ~t) = I; "1 d~ + d (I; "1) At + d (I;'1) •dAt, 
which together with Equations (25) and (26) and some arrangements gives 
[ /" } ] dk - (3O) 
The assumption that the Brownian motions associated with Equations (22) and (23) coincide 
lends to the very simple Equation (31) to follow: 
dk, = [i, - (¢, + ~, - lr~) k,] dt - lr, k, dB,. (31) 
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Nevertheless, this simplifying assumption hides the interaction between the processes modelled 
by (25) and (26). In order to avoid losing that information, we like to stress the role of the three 
components of the drift term in Equation (30), reflecting on the one hand the contribution of the 
process of capital formation, and of unemployment elimination on the other. 
• The first one is the drift contribution due to changes in the process of unemployment 
elimination represented by At, the meaning of which follows from the remarks concerning 
Equation (25). 
• The second one is due to the actual economic surplus or process of capital formation I~ -1, 
described by Equation (26), that we have already brought forward. 
• The third one accounts for the pure stochastic interaction between the processes ~t and 
l~" 1, which may also lead to an over- or underestimation f the actual drift. 
The role of the control policg 
The movements of kt can be gauged by the level or relative position of the functions it and 
~t kt at time t, i.e., the actual and required investments per available worker, respectively, where 
the new variable ~ is defined as r h = et + 6t - g~. The difference it - ~ kt at time t portrays 
roughly the expected rate of change of the level of capital per available worker as a function of kt, 
more precisely as a function of the information available at time t on the level of kt, and provides 
helpful insights into the prevailing stochastic dynamics of accumulation of capital per available 
worker. Knowing for instance, that at time t, the inequality it - ~ kt >_ 0 holds, means that 
accumulation i deed takes place, and that kt increases. However, one word of caution is in order, 
since these statements hold only almost surely according to the probability measure prevailing 
at time t. 
The fundamental equation of growth 
Let us explain now how we shall approximate the drift coefficient by the mean conditional 
forward derivative, see [21]. For instance, let us denote the drift coefficient of (31) by D+ kt and 
assume that the relationship 
D+ kt = lira Eo,. I Y' ] 
MO (32) 
holds, where E,,z stands for the expectation operator conditioned at the level of capital k0 - z. 
To save notation, we shall use the more suggestive xpression kt - D+ k, unless any confusion 
may arise. 
Recalling the national income identity yt kt - it -I- ct, and interpreting the drift as in (32), one 
gets that accumulation shall obey in the average the relationship 
Yt kt = ct + ~t kt + kt, (33) 
which states that in the average the social output per available worker, Yt kt shall be allocated 
to the purposes of maintaining the level of consumption per available worker, ct, and of the level 
of capita] per available worker, i.e., r h kt, as well as to yield net increases in the level of capital 
per available worker, kt. 
Concerning various crucial issues on capital accumulation that we can not consider here, we 
refer to [22-24]. 
$.~. Qualitative Features of the Accumulation Dynamics 
In this section, we shall point out a few interesting features of the qualitative behaviour of the 
process of accumulation of capital per available worker. With this purpose, we shall look into 
the drift coefficient of Equation (34), in the form given by (33), and draw a phase diagram, see 
Figure 1. In Figure 1, we depict a phase plane (kt +_ct,kt) for any time t arbitrary but fixed, 
portraying social output per available worker net t of required investments per worker against he 
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level of capita]per avmlable worker, that we obtain recalling that th = et + ~ - r~ and rewriting 
Equation (33) as 
kt + ct = (y ,  - ~) /~, ,  
where c t stands for the minimum of personal necessary consumption per available worker esulting 
from the assumption on the existence of a floor on the admissible wake rate [47, i.e., from the 
assumption that the prevailing wake rate H7 has to satisfy the inequality W _) W, with 
given. We shall refer to _c t as the level of necessary personal consumption. The latter has not to 
correspond to a minimum level of subsistence and shall adjust rather to the prevailing niveaw of 
socioeconomic progress of the society. The left-hand side in the foregoing equation hints to the 
potential allocation of economic surplus per available worker to consumptionbeyond the level _c t 
and to the expansion of the level of capital accumulation. Any increase of the level of personal 
consumption above _c t slows down directly the pace of capital accumulation. For instance, the 
level of capital denoted by k~, known as the Golden Value of capital per available worker, which 
represents hat level of/~t capable of sustaining the maximum level of consumption, denoted c~, 
is simultaneously the saturation level of capital, i.e., that level at which J~t = 0. The Golden 
Value of capital/c~ is known to be an unstable quilibrium point. 
__ct 
+_ct 
kt 
Figure 1. Phase dla~'am of aco,zmd~t|on of capital per ava~tble worker. 
However, it is the lower level of capital ~ attached to ~ the one that attracts our attention. 
Associated with c~, there is also the level of capital ~t. These two levels of capital, ~ and ~t, are 
also equilibrium points, the first unstable while the latter stable, as the arrows in Figure I show. 
From the point of view of the economic policy, the qualitative behaviour displayed in the diagram 
places some restrictions on the potentially admissible initial levels of capital per available worker. 
For instance, accumulation paths starting from levels of capital at the left of ~ are driven by 
the system dynamics to the zero level of capital. On the other hand, not any path starting from 
initial levels of capital at the right of ~ moves towards the upper level ~t, since the Brownish 
motion acting on the accumulation path may still drive it out of the stable region. Finally, let 
us point out that the level of capital /ct corresponds to that level associated with the average 
rate of return on capital, beyond which further investments are no longer of any worth. This 
leaves us with a relevant range of capital kt given by [~, kt]. All these features have to be taken 
into account, designing a control strategy and pointing to the various difficulties of economic and 
mathematical nature inherent to the problem at stake. 
4. THE DESIGN OF AN OPTIMAL POLICY OF LABOUR ALLOCATION 
In this section, the goal is then to elaborate an investment strategy that increases the ~prowth 
capacity of the economy in a way so that a given ~t ion  of the reserve army can be effectively 
absorbed into production. 
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~.1. An Accumulation Dynamics 
Let us denote, for the purpose of this section, the process of capital accumulation per available 
worker by k = (kt)s>0 and assume that it is governed by the stochastic differential equation 
dkt = ba(t, k,) dt + ~a(t, ks) dBt, (34) 
where the drift b a (t, k~) measures locally the average macroeconomic tendency at time t of the rate 
of change of kt, and the diffusion coefficient ~a(t, kt) represents he associated fluctuation about 
the -former. From an economic point of view, the choice made over time of alternative control 
processes ~ implies a set of alternative drifts and diffusion coeffcients b~(t, kt) and an(t, kt), 
and these, in turn, entail a set of alternative time paths of accumulation k a = (ks)t>0. Many 
such accumulation paths are possible under different properties of the instruments. In order 
to understand the need to introduce a criterion of social desirability, we shall point out a few 
features of the process k~ = (kt)t>_.0. The interaction of the economic processes set forth by the 
action of the control policy at stake is expected to bring about a drift coefficient ba(t, ks), as 
in Equation (34), capable of imposing a pace of accumulation of capital that pushes indeed the 
economy to higher levels of development within the degree of uncertainty attached to ~( t ,  ks). 
The choice of the control, ~, should be aimed at bringing about a drift, as in Equation (25), that 
contributes to the elimination of unemployment and a drift, as in Equation (26), that generates 
the required capital endowment per actually employed labour. The interaction of both drift 
coefficients hall ultimately help to bring about a pace of accumulation of capital that let the 
economy fulfill development goals, like shifting idle labour into more highly productive activities 
and others. Thus, we direct our attention to the evolution of the process k = (ks)t>0 governed by 
the SDE (34) and on the appropriate choice of the process a = (~t)t>0. An equation integrating 
essential characteristics of the process of capital accumulation of the type of (31) is usually called 
the system dynamics. 
As suggested already, we are interested, by way of appropriate selections of a, to ensure that 
a desired process of capital accumulation comes about. This poses two further problems, one 
related to the requirements on ~ so as to enable it to elicit the desired accumulation, and the 
second connected with existence and uniqueness questions, that [25] deals with fully and to which 
we refer. 
4.~. The Institutional Framework 
Hitherto, we have learned how a process embodying characteristics apable of employment 
and capital formation operates and analised some qualitative issues concerning accumulation, 
initial states and parameters. Now, we shall briefly discuss matters related to the institutional 
framework necessary to advance an economic policy of the kind envisaged. No apology will be 
offered for our implicit assumption of the need of institutional intervention. This obeys our belief 
that the facts of life around the capitalist world (centre and periphery alike) give an appalling 
evidence of inefficiency of policies, designed according to the principles of laissez-faire. Unless 
we agree that what counts is capital. 
Social supply price of investment 
The search for a convenient level of investment leads to the question of the cost in terms of 
consumption that this policy entails, as well as its effects on the level of employment. Therefore, 
we associate with the given technology a path t , ,PK(t), with .Pg(t) representing the so- 
called accounting price of investment, given by the following relationship 
fdc~ ... axe, (35) 
-a it' 
which indicates how much consumption, ct = c(kt, At), at any time t, under the given technology 
and institutions, has the economy to sacrifice in order to forward an additional unit of invest- 
ment, is = i(kt, A~), along the employment path t , As. Therefore, .PK represents a social 
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supply price of investment. Institutions are represented here by the assumption ~,  saying that ff 
unemployment prevails, the level of aggregate output cannot be determined independent of the 
level of employment. Hence, we assume that the control board is able to require capitalists to 
reinvest any fraction sK of capitalist income, as long as it remains below iK. The latter being a 
result of negotiations between capitalists and the control board. 
On the performance criterion 
It is natural to ask about the willingness of the society to give up the required amount of con- 
sumption in order to implement the investment policy at issue. To answer this, we shall resort o 
a direct assessment, based on the flow of instantaneous social utility of aggregate consumption 
per available labour generated by the alternative investment-consumption mix and on the social 
value of the terminal capital. This alternative amounts to accompanying any expansion of em- 
ployment with a shift in the composition of national product from consumption to investment, 
or in other words, from claims on current consumption to claims on future consumption, at least 
equal to the amount by which the employment-induced expansion of consumption exceeds the 
expansion of output. Any evaluation of this shift shall rely on the assumption of the existence 
of a system of social preferences and value judgements, reflecting the prevailing views and atti- 
tudes toward poverty, unemployment, redistribution of consumption, social justice, etc., on the 
moulding of which the control board or government should participate to the limits of political 
strength and courage; see [11]. At any rate, a basic hypothesis of sociological theorizing says that 
the value-judgements individuals depend upon are, in a large part, the internalization of those 
inculcated in them by the society. 
For that reason, we introduce a social welfare criterion J by means of a map ~. ~ J(o.), 
with J given by the functional 
//0 T / = E , , ,  [u (c , ,  - t;  o] dt + , (36) 
where U(., a~) and g(.) are strict concave functionals of class CI(R , R_). In (36), the func- 
tional U describes the social utility, and g measures the social value attached to the terminal 
capital, more explicitly, g penalizes terminal deviations from k~, a level of capital per available 
worker that once attained, the economy may become able to sustain. Further, U ° stands for the 
social utility at the maximum level of sustainable consumption per available labour, i.e., U - U ° 
measures deviations from the bliss value U °, see [15,26]. The functional J(a.) shall reflect or 
convey a measure of social desirability of the alternative forwarded by the control decision a.. 
Hence, our control problem can be formulated as follows. Consider the completely observable 
control problem 
sup J(~), (37) 
aE~t 
subject o Equations (30) and (18), (19), and the constraints given by Equations (4), (11) and (12). 
In (37), the functional J(c~.) is given by (36), and .A stands for the set of admissible controls c~. 
4.3. Applying the Stochastic Maximum Principle 
Stochastic ontrol theory delivers the necessary machinery, by means of which to approach the 
problem stated in (37). At the risk of oversimplification, we shall recall the Maximum Principle 
as follows. Concerning the stochastic ontrol theory involved in this section, we refer to [27,28]. 
STOCHASTIC MAXIMUM PRINCIPLE. A necessary and sufficient condition for the optimality of 
problem (37) is the unique existence of an adjoint process p -- (Pt)t>o and a process p = (/~ )t>o 
satisfying the relationships 
-dp = VuHt(k~,p~ , p,) dt - Pt dB, ,  
PT  ---- Vk g(kT), 
(38) 
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where Ht(k;,p,,p,) isgiven by 
H,(k;, p,, p,) = max H~(k,, p,, p,), aEA (39) 
which holds a.e. (almost everywhere) t ,P  ® dt-a.s. (almost surely) with H~(k,,p,,p,) defined 
as a Ham//tonian 
p,) = (ucc,, - u*) + p, b°Ct, k,) + p, k,). (40) 
Before we begin constructing the optimal policy of labour allocation, let us recall the rela- 
tionship between the drift and diffusion coefficients of Equation (34) and Equation (31), as in 
Section 3. We have the following correspondence: 
ba(t, k[) = i, - (q + ~t - zr~) kt, 
kT) = k,. 
(41) 
(42) 
Next, from the Maximum Principle and criterion (36), one obtains that the Hamiltonian is 
H~(k, ,  p,, p,) = (U(c,, a,) - U*) + I,, ha(t, k,) - p, 7r, k,, 
or equivalently, in the more explicit form 
H ~ ( k, , lh , p, ) = ( U ( c, , c~ , ) - U* ) + p, [i, - (,, + 6, - zr 2) k, ] - p, 7r, kt . (43) 
The Hamiltonian in its form (40) or (43) articulates, in the guise of isoquants, the existing system 
of social preferences as well as value-judgements and orders completely alternative combinations 
of investment i and consumption c. Therefore, abusing a little the notation, we may write (43) 
simply as H(i , ,  ct). Reference [29] deals admirably with questions related to the determination 
of such social orderings. On the other hand, the Hamiltonian, as given by (40), represents total 
social utility at any time t , t  6 [0,T]. We shall call the first and second term of (40) or (43), i.e., 
U(q,  at) - U ° and Pt ba(t, kt), 'the potential and the kinetic social utility, respectively, since they 
resemble the concepts of potential and kinetic energy in classical physics. The last term -Pt lr~ kt 
accounts for the social disutility or social cost due to uncertainty or risk associated with changes 
generated by the control policy at issue. 
The logic underlying the Hamiltonian shall be understood as follows. As we have seen, the social 
utility functional U(.,~t) -U  ° is responsible for social preferences, attitudes, value-judgements 
and so forth. Thus, if the economy control policy is one under which the representative man 
is expected to postpone a certain amount of current consumption, which amounts to giving 
up a certain quantity of current utility, then the second term transforms this amount of current 
consumption, in the form of potential future consumption orbetter yet, in the form of investment, 
into future utility. 
4.~. Static Characterization of the Optimal Control Policy 
Let us assume that an optimal control exists and denote it by a*. Further, let k* = (k~)t_>0, 
c* = (c~)t>0, i* = (i;)t>0, etc., denote the associated optimal trajectories. Then, using the 
Stochastic Maximum Principle, Equation (40) becomes 
Ht(k~ ,p,, p,) = (U a" (c;) - U °) + p, b a° (t, k;) - p, I:, k;. (44) 
Next, recalling that c = (c,),_>0 and i = (it),>0 are functionals of k,, see (18) and (19), and that 
the Hamiltonian has a maximum at i* = (i;)7>0, then the control set RIA  is all of H+, and since 
Ht is differentiable in i*, we must have, for any arbitrary but fixed t, 
td ; 1 
o= = L di;.i. +p , .  
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Here, we have used the fact that the Hamiltonian associated with an optimal policy is constant. 
Taking into account Equation (35), we get 
Pt = VcU(c;),PK(t) a.e. t, P®dt-a.s., (45) 
where we have suppressed the explicit indication of the control process ~, since the • makes 
evident hat we work with the trajectories associated with the optimal control a*. From now on, 
we shall adhere to this notation, based on which we shall write U'(c~), whenever no confusion 
may arise, for the derivative with respect o c of U along the optimal trajectory c*, computed at 
the time t, Hence, Equation (45) holds for all t E [{3, T] with possible xceptions on dP ® dr-null 
sets. For that reason, it is a moment-to-moment relation, known in dynamic economics as the 
dynamic c~iciency condition. They say that a.s. at any t, the social utility of the representative 
man, derived from the decision that the economy should invest according to i*, should equate 
the consumption utility loss of the representative man associated with the consumption she or he 
has to sacrifice in order to further investments as the control a* requires. Even more, taking into 
account hat .PK(t) _> 1 for any t E [0, ~ ,  as a simple computation shows, Equation (45) tells 
us that to forward the economic policy represented by a*, future utility claims, as described by 
Pt, shall be higher than the current utility associated with the fraction of current consumption 
that have to be postponed, i.e., 
pt_>~cU(c;,c~;) a.e.t, P®dt-a.s.  (46) 
The dynamic efllciency condition given by Equation (45) amounts to the well-known tangency 
condition between the investment-consumption transformation functional and the investment- 
consumption utility substitution functional, articulated by means of the family of Hamiltonians 
H(it, c,), or utility isoquants in the terminology of economic theory, which in turn defines a social 
demand price of investments in terms of current consumption. The tangency condition, which 
follows easily from Equation (45), can be written as 
pt ViH~ (47) ,PK(t) = ~ = VcHt a.e. t, P ® dt - a.s. 
Equation (47) becomes evident, recalling that .PK(t) is given by Equation (35), and taking into 
account Equations (40) and (41) on the one hand, and Equation (43) on the other. 
4.5. The Marglin-Pontryagin Path of Labour Allocation 
Further, from the Maximum Principle, one knows that at the optimal control a*, the relation- 
ship (39) holds a.e. t, P ® dt-a.s. Hence, for fix t and taking into account he differentiability 
of H~( kt,pt, Pt), see [30], one obtains from (39) the following static first-order conditions of op- 
timality that fully describe the following three phases the economy undergoes before entering a 
state of laissez-faire at which full employment prevails. 
• Phase I
If A~ < 1 and s~(t) = ~X, then 
Pt (Sg  -- 8L) W .'}- (1 - SK) y~ 
(sK - sL) W -- y; 
, a .e.  t,  P ® dt - a .s .  (48)  
• Phase II 
If ~ = 1 and s}c(t) = ~K, then 
1< Pt < (sg -s~)W+(1-sK)y t  
- U ' (cD - ( sK  - sL )  W - sK  Y't 
, a.e.  t,  P ® dt - a .s .  (49)  
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• Phase I I I  
If ~ = 1 and s*~(t) <~g,  then 
P* - 1, a.e. t, P ® dt -- a.S. (50) 
The Hsmiltonian, together with the initial conditions and constraints, determines whether the 
economy finds itself in Phase I, II or IIl. As one can show, the economy optimally develops by 
moving from Phase I to Phase II and from Phase II to Phase III, when it starts from a capital 
intensity k0, which is low enough. However, the economy not always has to begin with Phase I. 
A sufficiently large initial endowment of capital k0 may also put the economy in Phase If, or even 
in Phase Ill. 
The phases obtained as the necessary conditions of (39) shall be interpreted as follows. First 
of a/l, the combination of events like employment, i.e., ~ = I, or unemployment, i.e., ~ < I, 
and a binding investment policy, i.e., s~(t) = ~g, or not binding, i.e., s~(t) < ~K, characterise 
the case to hold, and this is indicated at the left-hand side under the corresponding phase. 
Then, according to the phase, if optimality dictates full employment or unemployment and a 
binding or a nonbinding investment policy, the relative social desirability of the couple (s~(t), ~)  
or alternatively, of the resulting investment-consumption mix (i~,c~) has to be measured by 
means of the corresponding weight .P~:(t), resulting from the first-order conditions, associated 
with Equations (39) and (47). A Marglin-Pontryagin path of labour allocation is one satisfying 
Equations (48) to (50). 
~.6. DFnamic Characterization of the Optimal Control Policy 
At this stage, we would like to point out that the Maximum Principle enables us to split the 
intertemporal optimization problem (37) into a static, i.e., Equation (39), and a dynamic one. 
This splitting of dynamic and static features is compatible with Thesis 11 above. In other words, 
it allows a time decentralization of the decision process, and this is extremely convenient for 
applications. We have considered the static features in the foregoing section. Concerning the 
dynamic aspects of optimality and the tranversality condition, we shall refer to [30]. 
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